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sinusoids

Im v(f) = Re{Ve/=")
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Fotation at o rad/s

Definitions \
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v(t) =V, smwt

Vn = the amplitude of the sinusoid

[

w = the angular frequency in radians/s
wt = the argument of the sinusoid

,)
T =" Tiscalled the period of the sinusoid

= _ w=2rf
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vy =17, sin(wt +¢)

v1(t) = V, s wt and U1 (1) = V,, sin(ewt + ¢)

Acoswt + B sinwt = C cos(wt — )

=7
~ B
@ C=+AZ+ B2, 6 = tan! =
N

EX.1: Find the amplitude, phase, period, and
frequency of the sinusoid: v(t)=12cos(50t+10°)

Solution:
The amplitude is: V,=12V

The phase is : ¢ = 10°

The angular frequency is o =50 rad/s

The period is: T =2n/®) = (2r/50) =0.1257 s

The frequency is f =(1/T) = (1/0.1257) = 7.958 Hz
;‘f_a‘




Ex.2 : Calculate the phase angle between
v, = -10 cos(wt+50°) & v, = 12 sin(wt-10°)
state which sinusoid is leading

Solution

p; = —10 cos(wt + 50°) = 10 cos(wt + 50° — 180%)
1 = 10 cos{emt — ]j'.-}k'}

vy = 12sin(wr — 107) = 12 cos(ewr — 107 — 90"\

v: = 12¢cos(wt 1007

vy leads vy by 30°.

Phasor diagram

Imaginary axis

YN\ v(t) =V, sin(ot + @) = Im(V,e)“*+)

v(t) = Im(V_e'”e’*) = Im(ve ')
\J_eadj.ug direction

V=ImyV,e")=V e?’=V /¢

Real axis

N Phasors
‘/ V=V /¢ l=1,26
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Ex. 3 : Transform these sinusoids to phasors:
(@) v = -4 sin(30t+50°)
(b) 1 = 6 cos(50t-40°)

Solution
(@) v = -4 sin(30t+50°) = 4 cos (30t+50+90°)
= 4 cos (30t + 140°)

The phasor form of v is V =4./£14Q°

(b) 1 = 6 cos(50t - 40°)
The phasor | =6 £-40°

;‘e_a‘

Ex.4: Given i,(t)=4cos(wt+30°) and
I,(t)=5sin(wt-20°), find their sum.

Solution:
I;(t)= 4 cos(wt+30°) I, =4/30°
I,(t)= 5 sin(wt-20°) =5 cos(mt -20°-90°) =5 cos(wt-110°)
I,=5 £-110°

I=1,+1,=4/£30°+ 5£-110° = 3.464+)2-1.71-j4.698
= 1.754 —j2.698 = 3.218£-56.97°

Ny
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Phasor relationship for circuit element

(a) Resistor
I =1, cos(ot + ¢) —
v=iR =RI_cos(ot + ¢)
=120 V=R 2 )

o—
YW =IR
[ &
v
/J
//
I ///
=7 4(
o // d
Qﬁ 7\
T 3 T
(b) Inductor 1.
. +
I =1, cos(wt + ¢) ‘
v %L

v = L(di/dt) = -oLlI, sin(ot + ¢)
V= oLl cos(ot+ ¢ +90°) V=jull
I=1,£¢ and V=V Z¢+90°

The voltage lead the current by 90° — X, =j © L

Re
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(b) capacitor

v(t) =V, cos(mtt+d) I = C dv/dt —
i = C%Vm cos(wt + ¢) = —wCV , sin(wt + ¢) v =
i = wCV  cos(wt+ ¢ +90) o
I—jwCV
V=V £ |l =1,2¢+90

The voltage lag the current by 90° — X= - j 1/oC

lm 4

Impedance and Admittance
—— X
Z=R+jX=1z|/0 1Z| = v R + X2, a:m-lE

R =|Z|cosh, X =|Z]smé

A | ) o 1
Y =—=— 1'=G+ B G_ B= 3
A / R
, 1 R—jX R-—jX
G+ jB= = e =
R+jX R—jX R4 X2
i ;7 B 2
RS A

G conductance, B susceptance
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Series Circuit

e

V=Vi=Vo4 ot Vy=lZ + L1+ +1Ly)

'
E.Eq=T=El—|-I.:—.i—"-—|—E,ﬁ,.

v
1=
I+ 2o
Since Vi — Z;I and Vi — Z,L then K
2 2 —
:ﬂ_“_
: 5
.5 T i 1 T
v,=— 2 '@ !
- YA A
L
Parallel Circuit = i i o
[@ v Z, z Zy
l_,_
zeq
I=h+bh+-+1 —1'(1+1+ ¥
e s i e
3. B k. @ 1 5 o e
EQ_F_Z_lTE_'_-”Tz_f.' Yo, =Y14+ Yo 4---4+Xn
1 1 1 L7y
zeq:'—:' ': p-rrac
Yoo Y1412 1/ + 174, L+ Z>
V=1L, =0Z =L N lll lI:
Ta 7 [ ’ Z L
. 5N W T . N ‘@
Z+Z; L1+ 4> -




A-Y-Conversion

Y-A Conversion:

VA

=
2 Z;

Z. =
Z;

A-Y Conversion:

L)1y + Il + 137,
f=—
_ LIy +Ih13+ 137,

L2y 4+ ToZs + I51,

27,
e
.. B
F et
&
T Za+ T+

v (t)dt

—| -
O ey —i
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Ex.5: consider the circuit, ]

(a) Calculate the sinusoidal voltages v; and v, 0 -Zji130 ol
using phasors and voltage divider rule . -

(b) Sketch the phasor diagram showing E, V, and @ 6100 Sihex .

Z;

V,. 30 +j40 Q |2
(c) Sketch the sinusoidal waveforms of e, v, and v,. | T
Solution:

(a) The phasor form of the voltage source is determined as
e=100sin(ot) < E=70.71Z0°V

V, = 40-J80  \7071.,0°) = 784/ —33.69°V
(40 - j80) + (30 + j40) +j
1 V., = 43.9 V./82.87°
i 5287 E — 70.71 VL0
i L — 70, L
=309 \g071.00) - s308287V P >
(40— j80) +(30+ j40) :
(b) Phasor diagram i Vi — 78.4 V.£—33.69°

(€) vy(t) = V,, sin(et+d) = V2x78.4 sin(wt-33.69)
= 111 sin(wt-33.69)
V,(t) = V,,, sin(ot+d) = V2x43.9 sin(wt+82.87)
= 62 sin(wt+82.87)

o
{rad)
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Ex. 6: Refer to the circuit; L
(a) Find the total impedance, Z.
(b) Determine the supply current, I. " | I
(c) Calgulatg I;, 1,, using current divider rule. E:MO;N) o Rgm o élkﬂ ok
(d) Verify Kirchhoff’s current law at node a. =

k

Solution

1 1,1, .1 Z. =20/0°kQ
Z, 20 j1 —j1 20 T
b. I, = L = % =250x10"° Z0° A= 250£0° pA
Z, 20x10°£0
2040
20,0

= 2048 x250,0° =5000Z —90° pA

x250£0° =25020° A

l,

I 2

I, = 2020 x250£0° =5000290° pA
1/-90

D d. I, +1,+1;=250-£0 + 5000£-90 + 5000290 = 250£0°
~ = I+ 1, + 13 . Kirchhoff’s current law is verified.

Ex. 7: Find the current | in the circuit. 1 #e
L I
Soluthn: . . 1 no AQ SQJ
7, =-42=19) _16+8 6. jog 0 ST B
j4+2—j4+8 10 370
e - 50,/0° B = [
7, =140 _ i35 0 z, 8214 16 i32 0 F80
10 10 '

2,=7,+12=13.6+j08 ,Z,=Z,-j3=j0.2 and Z,=Z, +j6+8=9.6+j2.8

z, =7, +-22% _136+ j08+ 102001128 156, i1 o
Z,+2, 96+ 3
The source current | =L= 5040_ =3.666--4.2° Q
Z, 136+)1

9/6/2013
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AC Bridges

At balance V,=V,

V1:V5 ZZ 2 = ZX
Z,+2Z, *Z,+Z,
@

zZ,  Z,
Z,+72, Z,+Z7Z,

Z
z,=-Z,

Z

Series Resonance

. 1
Z=R+ j(a)L—E) @ VL0 1jwe =

At resonance Im(z)=0

1
wL—i=0 a)oL:

13



\
1
R2 +(wL——)2
\/ (@ a;C)

The highest power is at w,

v? o
P(a)o)ZIZR:_ I
R IR Ry
The half power frequencies are at: 07077y / j '\\
: i
| =——==0.707 rgn
V2 10 N
1v?2 i e »
P(a)l) = P(CUZ) =—=— 1 Gy
2R Bardwidh B

w, & w, can be get by setting 7 =+/2R

\/R2+(a)L—$)=x/§R

N il o

oC 0.70iF, /R :
By solving the above equation for w / t | \\

~R RY 1 A
=—+. | —| +— 0 wy oy o o
2L 2L) ' LC

R RY 1
Wy =—+,|| — | +—
2L 2L LC
Bandwidth “It is defined as the half power bandwidth”
B=w,-w,=(R/L)

W, =40,

2]

Bandwidh B

9/6/2013
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Quality Factor Q

“Measure the sharpness of resonance “

Peak energy stored m the circut

Q=2n — —
Energy dissipated by the circuit
L a3 5 Amplitude
ﬂ = L] L! i E.T_ll: Jr_- O (least selectivity)
LA — LT = T Y @ (medium selectivity)
%IER{ ]__.n' _|‘ | " \ O (reatest selectivity)
- A
gL 1
R woC R X \
P g N
TE g N

A resonant circuit 1s designed to operate at or near its resonant

frequency.

For high-Q circuits (Q = 10)

R K
{8 O diyy = fy O dig |

9/6/2013
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Example: For the circuit shown:

(a) Find the resonant frequency and the half power frequencie
(b) Calculate the quality factor and bandwidth

(c) Determine the amplitude of the current at w,, w; and w,

o 20 1mH
olution ' '
1 1 ANN—r
JL 3 > 04 x 10— (A )20L0 04pF —=
R, [(R )2 .
W] = —— a7l T~
> g TyAa) TEC
A / 3 2
=~ + V0 + G0 x 1)
= —1+ +/1 4 2500 krad/s = 49 krad/s @y =1+ +'1+ 2500 krad/s = 51 krad/s
oy 50

Q= .

é troesomcs j{uf'
Atresonance Im(Y)=0 ]
1 1
e ——— =) iy = —— rad/s
i d. v LC

At resonance:

(1)The parallel LC combination acts like open circuit.
i.e. the entire current flows through R

(2) The inductor and capacitor currents can be much
more than the source current

9/6/2013
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1 i & 1 _
' L R | o [Vl
ST \wf) c L

0.707 IR

W] wy ey

B —an — oy — 7
Bandwidth B

£y R’
Q g e

- =
I| 1 p] iy | ( 1 | fig
3] — g I'l—-’—(—) S ey —ag, |14 —) +—
V' "\22/ 20 ¥ \agt Cag
for high-Q circuits (& = 10)

B B

. o —_— v 0l P

T g > (i ™ oy 4 5

Example: For the circuit shown: * 8kQ 0.2mH

(a) Calculate w,, Q and B |

(b) Find w;, and w,
(c) Determine the power dissipated at w,, w; and w,

Solution
1 i 10°
Wy = —— = — = — =25 kradfs
JLC J0Z2x 103 %8 x 100 4
)4 3 x 10° —
S - = 1601
egl 252 10 = 0.2 x 103
B =22 = 155 radls
i

=

i = dig = 25000 7.812 = 24,992 radis

= 25,000+ 78125 =25,008 rad's

I\""'l P~ TS =

wr =do +

1o 8|1FJ_

9/6/2013
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Atw=ay, Y=1/RorZ=R =8k0.

v 10/ -9
L =—=——— —125/—90 mA
i 8000 L
at w = oy P=12R =(1.25x10"*)?(8000) = 12.5x10°*W
Vi o102 .
At = oy, an, =—= =6.25x10"°W
2R 2x8000
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